Question 1 (10 Marks) START A NEW PAGE Marks

sinx T

(a) Find the gradient of the tangent to the curvey =€™ " atx = 3

(b) Differentiate with respect to x.

(i) cot 3x.

. X
(i) In(x2 +1).

(c) Express 0.46 as an geometric series and hence write its
equivalent fraction in simplest terms.

1
(d) Show that y = e* has no stationary points. Justify your answer.

Question 2 (10 Marks) START A NEW PAGE

2 2
(a) Evaluate IX 3 J
X
1

dx

(b) Find

(i) j tan®(2x —1)dx .
(ii) j%dx.

(c) A weather balloon released at ground level 2100m from an observer
rises at a rate of 100 metres per minute.

(i) Show that, after t minutes, the height of the balloon, h metres, is given
by h = 2100 tand, where 9 is the angle of elevation.

(ii) Find the rate, in radians per minute, at which the angle of elevation
of the observer is increasing when the balloon is at an altitude of 1400 metres.

JRAHS Year 12 ME1_Term 1 Assessment 2008 Page 1 of 3



Question 3 (10 Marks) START A NEW PAGE

(@) The nth term of a series is given by T,=n + Gj :

Find the sum of the first 10 terms.

(b) Prove, by mathematical induction forn=1,2, 3, ... and x>0,

1 1 1 1 1

x(x+1)" x x+1 (x+1)2 " (x+)"

(c) Given f (x) =2* find f'(0).

Question 4 (10 Marks) START A NEW PAGE

(@) (i) The inner surface of a bowl is formed by rotating the curve
y = In(x — 2) about the y — axis between y=0andy = 2.
Calculate the volume of water that this bowl holds when the
depth of water is filled to a depth of h units.

(ii) If water is poured into the bowl at a rate of 50 cubic units
per second, find the exact rate at which the water level is rising when
the depth of water is 1.5 units.

(b) (i) Express /3 cos2x - sin2x in the form of Acos(2x + o)

for0<oc<%andA>0.

(ii) Hence, or otherwise, sketch the curve 'y = V3 cos2x —sin2; 0<x<2 7.

(iii) Find the first positive solution for /3 cos2x - sin2x = 1.

Marks
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Question 5 (10 Marks) START A NEW PAGE Marks
. n 1
a) (a) Given that , show that 3
@ @ kzk+1 (n+1)!
1 2 3 n n+1 1
—t+—=+—+..+ + =1-—
21 3 4 (n+D)!' (n+2)! (n+2)!
(b) Sketch the graph of y = In[2x(3 — x )], showing all important features. 4
NG X
(c) Find '[ dx using the substitution o =sin™* 3/ 3
V9 -x*
Question 6 (10 Marks) START A NEW PAGE
(a) Calculate the sum of the series 4
25x + 23x + 2x+ + 2(11-6k)x
(b) Amy borrowed $280 000 to purchase an apartment at a reducible interest rate
of 7.8 % per annum compounded monthly from 2006 from her mortgage lender.
She makes equal monthly repayments of $M until the loan is repaid.
(i) How much did Amy owe after her first monthly repayment of $M? 1
(i) Calculate Amy’s equal monthly instalment $M, if her loan is for 25 years. 2
(iii)After 1 year, the Reserve Bank increases the interest rate by 0.25% pa, however, 3

her mortgage lender increases her interest rate by a further 0.1% pa.

How much extra does Amy need to pay, per month, with the total extra interest

rate rise?

THE END
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Question 1 (10 Marks) START A NEW PAGE

Rl
(a) Y _ o xe™ 1.
dx dx 2

when X :z,
3

(b) (i) %cot@x) = —1(tan(3x) ? x 3sec?(3x)

2
= —356(:2 3X — _3c0sec?3x
tan” 3x
d 1 2x
i —In —(Inx=In{x*+1))==-
i (x +1) dx( ( )) X x2+1
_ X+l
X(x* +1)

(© 0.46 = 0.4+ 0.06666...= 0.4+ 0.06 +0.006 + 0.0006 +...

A=006 r=01> s, =20 -1
1-01 15
BT P
10 15 15

L
X 1

(d) y’:—e—2 .Now e* # 0 as X #0.
X

Question 2 (10 Marks) START A NEW PAGE

2 2
(a) [2-9xcx = [Inx+i2} - n2-2f
1 X 2X 8

1

(b) j tan®(2x —1)dx .
= j [sec? (2x —1) —1]dx

:%tan(Zx—l)—x+c

(ii) j%dx

- J~3(X—l)+3

dx —I3+—dx 3x+3In(x-1)+c
x—-1
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(€

2100 m

But when h = 1400, tand = % = cos?6=

déo 9 3 . .
S—= =—radian per minute.
dt  21x13 91

Question 3 (10 Marks) START A NEW PAGE

(@ T1=1+1/3,T,=2+1/9, T3=3+1/27, ....

.. we have an AP + GP sum.

- APsum =1 +2+3+...+10 =55
GP sum = 1/3 +1/9+1/27+...+1/3%°

i

3

.. total sum =55 +%[1_3%0j
(b) Testn=1,
L Rus=i- L
X(x+1) X

X+1
X+1-—X
x(x +1)*

X(x+1)
sotrueforn=1,x>0

Assume true for n =k
1 1 1 1

x(x+D*  x x+1 (x+1)? 7 (x+DF

Year 12 Extl Term 1 solutions 2008

ﬁ =100 4 mks
dt

And L =tan@
2100

.. h=2100tan@

dh =2100sec’ @
do

d6 do dn
dt dh dt
_d@  cos’o
Tdt 2100

Now

x100
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Forn=k +1
1 1 1 1 1
X x+1 (x+D? 7T (x+D*  (x+D)*T
_ 1 1
Tx(x+D)F (x+1*
X+1-X
X(X +1)+
1

X(x +1)

.. Since true for n = 1 and proven true for n = k+1, assuming true for n = k
Itis also true forall n = 1.

using the assumption

(c) f(x)=2"=8" 2
f'(x)=In8.8"
. f'(0)=In8
Question 4 (10 Marks) STARTA NEW PAGE Marks
(@) (i) 3
A
2
. >
h ° 1,7 1 1
Vol = 7zj(2+ey) dy = 7{4+4ey +—e2y} = 7z[4h+4eh +=e —4——}
0 2 0 2 2
= 7{4h Laeh 4 Lo —g} ul.
2 2
iy Y- =50, d—V=7r(4+4e“ +e?") 2
dt dh
- 50 = 74+ 4es +e3)-% PR 525 -7 units/sec.
dt dt {4 +4e™ +€)
(b) (1) /3 cos2x — sin2x =A[cos2xcosa - Sin2xsing]
S A=+3+1=2, cosa=+/3,sina=1 .. tanoz:i.'.oz:Z 2
V3 6
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. +/3c0s2x — sin2x = 2cos(2x + %)

(i) Lety = 2cos(2x + %)

(iii)  2cos(2x + %) =1

T 1
cos(2x+ —)= =
( 6) >

SO2X+

oy

=7 .'.2x=£ SoX = —
3 6

Question 5 (10 Marks) START A NEW PAGE

2 3 n n+l I n+1
(a) +—+—+..+ =
21 3 4 (n+1)' (n+2)! k:1k+1)' (n+2)!
1 n+1

T+ (n+2)
_ n+2 N n+1
(n+2)! (n+2)!

_ +—n—2+n+l: B 1
(n+2)! (n+2)!

(b) y=In2x+1In(3-x) ;x#0,3

1 -1 3-2x

== S tpatx=15,y=1In(4.5
y X 3 X x(3—x) P y (4:5)
Test tp

-1 -1 4 4 8 :
"= 4 —" - =————=——<0 .. absolute max since only 1 tp.
V= (3-x)° 9 9 9 Y-
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NOTE: Curve is asymptotic at x = 0

and x = 3.
(c) x=3sina .. dx = 3cosa do
~ (9sin’a 3COSa 275|n aCosa , _ o 1—C0s2c
N 008 4 = [21SIN 005y, - [gf 1200527 g,
\/9_95|n2a 3cosa 2

9( 1. j
= —|a—-=Sin2¢ |+C
2 2

Question 6 (10 Marks) START A NEW PAGE

(a) Let S=2%+ 2%+ 2+ .. + 2% gndasa GSr= 27
So 2_2X.S — 23X + 25X + 27X bt 2(11—6k)X + 2(9—6k)X.
S(l_ 2*2X) — 25X _ 2(976k)X.

25X _ 2(9*6k)X 27X _ 2(11*6k)X
S = l_ 2—2X = 22X _l )
Note the number of terms was N = 3k-2.

) 13
b) (i R= ——— per month. ( 0.0065
(b) (i) 5505 (0.0065)

280 000x1.0065 — M
(i) Month 1: 280 000x1.0065 — M
Month 2: 280 000x1.0065° — M(1+1.0065)

Month 300: 280000x1.0065°° — M(1+1.0065+1.0065%+...+1.0065°*)
_ 280000 x1.0065*°
" 1(1.0065* —1) +0.0065
=$2124.12

! 12 )
(iii)Amount remaining after 1 year = 280 000x1.0065" — 2124.12x L (())O((S)?)GS Y

=$276 217.22
New interest rate = 8.15%

288
276217.22 x 24163

M= 24000 - 515737

(24163288 Ly, 168
24000 24000

-.extra payments with the extra 0.35% is $2187.37 - $2 124.12 = $63.25
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